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Abstract
We review some parametric families of 2-qubit states for which concurrence and maximal singlet fraction (MSF) have different
and even opposite behaviour. For states considered in this work, maximal achievable fidelity (MFA), a quantity derived by
Verstraete et al. in [1], shows a better agreement with concurrence and complies with important features required to be
considered a good entanglement measure.
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I. INTRODUCTION
Entanglement is at the very heart of quantum mechan-
ics and is not “one but rather the characteristic trait of
quantum mechanics, the one that enforces its entire de-
parture from classical lines of thought” [2], [3] [4]. Many
applications of quantum communication and quantum
computation use entanglement as its primordial resource
for performing certain tasks that classical resources can-
not do as well [5], [6], [7]. Although it has been shown
that non entangled states may display non locality and
can be used in quantum information theory [8], [9], [10],
[11], [12] entanglement remains of the utmost importance
in the field. The study of entanglement and its measures
remains a highly active research field and has great rel-
evance to understanding the important role played by
quantum mechanics in allowing a more complete manip-
ulation of information. Two of the most widely used en-
tanglement measures are Concurrence [13] and Entangle-
ment Fidelity (or Maximal Singlet Fraction, MSF) [14],
[15].
In this work we review the behaviour of both Concur-
rence and MSF in some particular state families and show
that in some cases they can display opposite behaviour.
This implies that a particular state appears to be more
entangled than another, depending on the use of concur-
rence or MSF as an entanglement measure. Since it has
been well established that concurrence is indeed a good
entanglement measure, MSF has to be corrected in order
to comply with concurrence.
II. MAXIMAL SINGLET FRACTION AS AN EN-
TANGLEMENT MEASURE
In [16] a comparison between concurrence and entan-
glement fidelity is presented for a system composed of
∗ albrecht@usb.ve
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two entangled qubits, with the usual AB notation for
its subsystems, and a third control qubit, denoted by
C, which interacts only with qubit A via the following
Hamiltonian:
H =
λ
2
σAz ⊗ IB2 ⊗ (|α〉〈α| − |β〉〈β|) (1)
where λ is a parameter that describes the interaction’s
strength, σz is the well known Pauli matrix, I
B
2 is the
identity operator acting o the density matrix ofn B and
|α〉 and |β〉 are two orthonormal states of C. A particular
case studied in [16] assumes the following initial state for
the 3-qubit system:
W = ρAB− ⊗
1
2
IC2 , (2)
where ρAB− is the density matrix associated with the sin-
glet |Ψ−〉 = 1√
2
(|01〉 − |10〉). After interacting via (1),
the reduced density matrix of the AB system at time t
has the following structure:
ρAB(t) = cos
2
(
λt
2
)
ρAB− + sin
2
(
λt
2
)
ρAB+ , (3)
where ρAB+ is the density matrix of one of the Bell states
in the triplet |Ψ+〉 = 1√
2
(|01〉+ |10〉).
The entanglement fidelity, i.e. MSF, of this state, de-
fined as
F (ρ) ≡ 〈Ψ−∣∣ρ∣∣Ψ−〉 , (4)
is given by:
F (t) = cos2
(
λt
2
)
(5)
while its concurrence is given by
C(t) = |cos (λt)| (6)
In figure (1) the behaviour of both quantities is graphi-
cally presented and their different and even contradictory
values can easily be observed.
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Figure 1. Concurrence (solid line) and Fidelity (dashed line)
for state (3). Graph equivalent to the one presented in [16].
Due to this results, the authors were compelled to con-
sider a modified version of entanglement fidelity that in-
corporates an optimization process using local unitary
transformations on A and B respectively. It can be shown
that this modified version of entanglement fidelity has
analogous behaviour than concurrence. The particular
modification applied together with the initial conditions
considered, implies that the modified version of entangle-
ment fidelity becomes a well known quantity: the fully
entangled fraction (FEF),
f(ρ) ≡ max
|Ψ〉
〈Ψ|ρ|Ψ〉 , (7)
where |Ψ〉 in one of the four well known Bell states
{|ψ±〉 , |φ±〉}.
Using the Bloch-Fano representation, a general for-
mula that allows calculating this quantity was derived
by Badziag et al. in [17]. For any given 2-qubit system
with density matrix ρ, its Bloch representation is:
ρ =
1
4
(
I4+~r·~σ⊗IB2 +IA2 ⊗~s·~σ+
3∑
n,m=1
Tnmσn⊗σm
)
(8)
Since local unitary transformations do not modify a
system’s entanglement, an equivalent state ρ′ with a T ′
diagonal quantum correlation matrix can be obtained:
ρ′ =
1
4
(
I4+~r
′ ·~σ⊗IB2 +IA2 ⊗~s ′ ·~σ+
3∑
n=1
T ′n σn⊗σn
)
(9)
The fully entangled fraction (FEF) can be evaluated
in terms of this quantum correlation matrix as follows:
f =

1
4 (1 +
∑
i |T ′i |) if det(T′) ≤ 0
1
4
[
1 + max
(|T ′i |+ |T ′j | − |T ′k|)] if det(T′) > 0
(10)
State (3) is a Bell Diagonal state with diagonal quan-
tum correlation matrix:
T =
2 cos2 (λt2 )− 1 0 00 2 cos2 (λt2 )− 1 0
0 0 −1
 (11)
Since det(T) is strictly less than zero, the FEF is
f =
1
2
[
1 +
∣∣∣∣2 cos2(λt2
)
− 1
∣∣∣∣] (12)
Figure 2. Concurrence (solid line) and MSF (dashed line) for
state (3). Graph equivalent to the one presented in [16].
In figure 2) the behaviour of both f(t) and concurrence
C(t) is graphically presented. In it, similarities for both
quantities can clearly be seen. This result might lead
to wrongfully conclude that concurrence and FEF share
similar behaviour and therefore it ought to be considered
a good entanglement measure. This is certainly not the
case. As demonstrated by Verstraete and Verschelde in
[18], FEF complies both
f ≥ max
(
1 + C
4
, C
)
(13)
2
as well as
f ≤ 1 + C
2
. (14)
Therefore, for a given value of f ∈ ( 14 , 12], the state can
be either entangled or not. Hence, FEF is not an en-
tanglement monotone [19], i.e. not a good entanglement
measure.
III. MAXIMAL SINGLET FRACTION, CON-
CURRENCE AND ENTANGLEMENT MONO-
TONES
In this section we will present examples of bipartite
systems that show opposing behaviour for their MSF and
concurrence. First, we consider the example presented in
[17], where one of the subsystems interacts locally with
the environment, modelled as an Amplitude Damping
Channel. Consider the state:
ρ =

p
(
3
2 −
√
2
)
0 0 0
0 (1− p) ( 32 −√2) √1− p( 12 − √22 ) 0
0
√
1− p
(
1
2 −
√
2
2
)
1
2 + p
(√
2− 1) 0
0 0 0 (1− p) (√2− 1)

(15)
where p ∈ [0, 1] is the interaction parameter. For p = 0,
ρ is the initial state presented in [17], whose only non-
zero Bloch parameters are x3 = 2
(
1−√2), T11 = T22 =
1−√2 and T33 = 2
√
2− 3. For this state, FEF is
f(p) = 1−
√
2
2
+ p
(√
2− 5
4
)
+
√
1− p
2
(√
2− 1
)
(16)
while its concurrence is given by
C(p) =
√
1− p(
√
2− 1) + (
√
2− 2)
√√
2− 1
√
p(1− p)
(17)
In figure (3) both concurrence and FEF are presented
as functions of the interaction parameter p. While
concurrence diminishes for all p, there is an impor-
tant range of values for which MSF steadily grows, i.e.
p ∈ [0, (√2− 1) / (2√2− 5) ∼ 0, 6023].
Consider now the following X state, presented in [1]:
ρ = F
∣∣Φ+〉〈Φ+∣∣+ (1− F ) |01〉〈01| (18)
where |Φ+〉 = 1√
2
(|00〉+ |11〉) is the well known Bell
state. Its concurrence is given by
C = F (19)
while its FEF is
f =

1−F
2 if 0 ≤ F ≤ 13
F if 13 ≤ F ≤ 1
(20)
Again, for 0 ≤ F ≤ 13 , there is an opposing behaviour for
the systems concurrence, which steadily decreases, and
Figure 3. MSF (dashed line) and Concurrence (solid line) for
state (15).
its FEF, which in turn grows, as shown in figure (4).
Therefore, in order to develop a good entanglement mea-
sure related to FEF, new concepts need to be introduced.
3
Figure 4. MSF (solid line) and Concurrence (dashed line) for
state (18).
IV. MAXIMAL ACHIEVABLE FIDELITY
Such a quantity related to FEF that shows similar be-
haviour than concurrence is the maximal fidelity achiev-
able by trace-preserving LOCC operations or simply
maximal achievable fidelity (MAF) [1], which satisfies
important features required for bona fide entanglement
measures, e.g. it is an entanglement monotone. Recently,
MAF was studied in the context of noisy quantum chan-
nels by Bandyopadhyay et al. [20], [21].
This optimal entanglement fidelity is defined by a con-
vex semi definite program:
Maximize
f∗ =
1
2
− Tr (XρΓ) (21)
under the constrains
0 ≤ X ≤ I − I
2
≤ XΓ ≤ I
2
(22)
where X is a local state-dependent filter to be applied
to one of the subsystems within the optimization LOCC
protocol. For state (18), this optimization program gives:
f∗op =

1
2
[
1 + F
2
4(1−F )
]
if 0 ≤ F ≤ 23
F if 23 ≤ F ≤ 1
(23)
In [1], results are reported for 1/3 ≥ F ≥ 1 only. After
some analysis, it can be demonstrated that the first ex-
pression in (23) holds also for 0 ≥ F ≥ 1/3 and therefore
f∗op ∀F ∈ [0, 1] is as stated. For completeness, LOCC
operations required to obtaining this MAF are shown in
the appendix.
In Figure (5), MAF, concurrence and FEF are pre-
sented graphically. Both MAF and concurrence display
similar behaviour, i.e. both of them are increasing func-
tions of parameter F.
Figure 5. Concurrence (solid line), MSF (dashed line) and
MAF (dot-dashed line) for state (18).
For state (15) and from similar calculations, the fol-
lowing results are obtained:
f∗op =

−3/2+√2
2 p+
√
2+3
8 if 0 ≤ p ≤ 34
f if 34 ≤ p ≤
(
√
2+1)
(√
7+2
√
2−√2−1
)
2
1+(3−2
√
2)p+2(
√
2−1)p2
4p if
(
√
2+1)
(√
7+2
√
2−√2−1
)
2 ≤ p ≤ 1
(24)
In figure (6), MSF and MAF for state (15) are shown.
Their behaviour is analogous as the one observed in the
aforementioned case.
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Figure 6. MSF (solid line) and MAF (dashed line) for state
(15).
V. FINAL REMARKS: RESTRICTIONS
Some remarks must be made regarding the trace pre-
serving transformation proposed by Verstraete and Ver-
schelde in [1]. Let C be a given concurrence. Then, FEF
complies (14), alongside (13). For any state satisfying
equality in (14), e.g. Bell Diagonal States, FEF cannot
be increased by means of trace preserving transforma-
tions. Any increase in FEF in such a case would imply
an increase of its concurrence, which is forbidden.
One might be compelled to assume that for states
which do not saturate this condition, it is always possible
to optimize its FEF. This is nevertheless false. State (15)
satisfies the equality condition only for p = 2
√
2 − 2 '
0.8284, and there is a whole neighbourhood around this
value representing a set of states that do not satisfy the
equality condition, for which it is not possible to increase
FEF, as can be seen in Figure (5) from the overlapping
of FEF and MAF. This is indeed what (24) implies for
3/4 ≤ p ≤ (√2 + 1) (√7 + 2√2−√2− 1) /2, since in
it, f∗op = f .
This effect can also be observed in Figure (7) where
FEF as a function of concurrence for state (15) is plotted.
In it, maximal FEF for a given concurrence is represented
by a dashed line and minimal is represented by a point
line at the bottom. Figure (7-B) is a zoom near the state
satisfying equality condition in (14). The neighbourhood
of states whose FEF cannot be optimized are represented
by a thicker line.
An additional upper bound to (14) for the MAF is
given in terms of its Negativity [18] for any generic 2-
Figure 7. MSF vs Concurrence for state (15)
qubit state ρ as
f∗(ρ) ≤ 1
2
[1 +N(ρ)] , (25)
which follows directly from the equivalent bound found
for fidelity [18]. For state (18), its Negativity is given by
N = max
{
0, F − 1 +
√
F 2 + (F − 1)2
}
. (26)
In Figure 8, MAF along with the upper bounds given
in (14) and (25), are presented.
From all this previous analysis, it is derived the fact
that there are states that even though for a given concur-
rence do not reach maximal FEF values, cannot be opti-
5
Figure 8. MAF (dot-dashed line) and upper bounds (25),
dotted, and (14), solid, for state (18).
mized. This can be observed in a perhaps more straight-
forward way when state (18) is considered. In this case,
2/3 ≤ F ≤ 1 represents a set of states that have min-
imal FEF values for a given concurrence but cannot be
optimized.
The FEF optimization problem is a very complex one.
To our knowledge, there is no analytical formula for the
increase of the singlet fraction, neither a simple way to a
priori determine whether a state can be optimized or not.
Only when FEF is maximal for a given concurrence, it
can be stated that that set of states cannot be optimized.
Moreover, for any set of states with a given concurrence
and FEF, such that the strict inequality holds in (14),
there will be subsets of states that can be optimized and
subsets for which this is not possible.
MAF, being an entanglement monotone, complies with
the main characteristics required to be a good entangle-
ment measure and is therefore a better choice for char-
acterizing a systems entanglement.
VI. CONCLUSIONS
We have reviewed certain families of states whose con-
currence and MSF have different and even opposite be-
haviours. This, along the fact that MSF is not an entan-
glement monotone, leads to the conclusion that MSF is
not a good entanglement measure. On the other hand,
MAF is indeed an entanglement monotone, shows analo-
gous behaviour than concurrence and therefore complies
with the main characteristics of a good entanglement
measure.
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Appendix
Consider the following state (18):
ρ = F
∣∣Φ+〉 〈Φ+∣∣+ (1− F ) |01〉 〈01| (27)
This state was studied in [1], in which the authors
found its MAF for 1/3 ≤ F ≤ 1. It is straightforward to
verify the extension for 0 ≤ F ≤ 1/3.
f∗op =

1
2
[
1 + F
2
4(1−F )
]
if 0 ≤ F ≤ 2/3
F if 2/3 ≤ F ≤ 1
(28)
The optimal filtering operation [1], which is a local oper-
ation, performed only on subsystem B, has the following
structure:
A1 = I
A
2 ⊗
[
|0〉 〈0|+ F
2(1− F ) |1〉 〈1|
]
(29)
This filtering operation has the following success proba-
bility:
P1 =
F
(
3F 2 − 6F + 4)
8(1− F )2 (30)
If the filtering operation is successful, the system state
after it is given by
ρ1 =
1
P1
A1ρA
†
1 (31)
On the other hand, if the filtering operation is not suc-
cessful, the state after it is then given by
ρ2 =
1
P2
A2ρA
†
2 (32)
where
A2 = I
A
2 ⊗
[√
1− F
2
4(1− F )2 |0〉 〈1|
]
(33)
and P2 = 1 − P1 is the probability of failure, which is
given by
P2 =
(2− F )(3F 2 − 8F + 4)
8(F − 1)2 (34)
It is easy to verify that state ρ2 is a separable one,
i.e. has null concurrence, but its MSF is different from
1/2, which is a necessary condition in order to obtain the
MAF. In this case, state
ρ′ = A1ρA
†
1 +A2ρA
†
2 (35)
has no MAF.
In order to get the MAF, state ρ2, which is the out-
put state when the filtering operation is not successful,
must be transformed into a state with MSF equal to 1/2.
This transformation can be performed by LOCC on sub-
system A: an observer measures the σz observable on
subsystem B. If eigenvalue 1 is obtained, the system is
left unaffected. If the result obtained is 0, the state is to
be transformed into one with eigenvalue 1, i.e. state |1〉.
In both cases, the final state of subsystem B is |1〉. For
the whole system, the final state, incorporating success
and failure, is therefore given by
ρ′′ = A1ρA
†
1 + (1− P1)ρ0 (36)
with
ρ0 = |00〉 〈00| (37)
State ρ′′ has a MSF equal to the MAF and it is
straightforward to verify that this state has less concur-
rence than the initial state ρ.
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